Abstract. We determine the three loop anomalous dimensions of the quark, centre and offdiagonal gluons, centre and off-diagonal ghosts and the gauge fixing parameters in the maximal abelian gauge for an arbitrary colour group in the MS renormalization scheme at three loops. We show that the three loop MS β-function emerges from the renormalization of the centre gluon and also deduce the anomalous dimension of the BRST invariant dimension two mass operator. Moreover, we demonstrate that in the limit that the dimension of the centre of the group tends to zero, the anomalous dimensions of the quarks, off-diagonal gluons and off-diagonal ghosts tend to those of the quarks, gluons and ghosts of the Curci-Ferrari gauge respectively. 
Introduction.
The multiloop renormalization of quantum chromodynamics (QCD), the quantum field theory underlying the strong interactions, has now been successfully determined at four loops in the MS scheme, [1, 2, 3, 4, 5, 6, 7] . Indeed the one loop β-function, [1] , establishes the important property of asymptotic freedom. Further, with the need for more accurate theoretical results such as the precise way in which the coupling constant runs, higher loop corrections proved necessary. Subsequently, the scheme independent two loop result was computed in [2] prior to the three loop calculation of [4] . Given the large increase in the number of Feynman diagrams with loop order and the parallel problem of devising an algorithm to extract the divergence structure of difficult four loop master integrals, it was several years before the four loop β-function appeared, [6] . Indeed given the complexity of such a calculation, it was only technically possible with the intense use of the symbolic manipulation programme Form, [8] . Though the three loop result of [4] also used computer technology and the Mincer algorithm, [9] . There was an underlying thread to all these computations which lay in a judicious choice of gauge in which to perform the calculation. Although the β-function is gauge independent, choosing a general covariant gauge, say, to carry out the calculations could have resulted in a large amount of extra unnecessary computation. This was avoided by considering the Feynman gauge where the gluon propagator reduces to one term proportional to a scalar field propagator. Only after the original Feynman gauge calculations were performed were computations with gluon propagators in the full covariant gauge subsequently carried out, [3, 5, 7] . These were necessary for other problems aside from justifying the full gauge parameter independence of the β-function.
For instance, the anomalous dimensions of the fields as functions of the covariant gauge parameter, α, were required for a variety of composite operator renormalizations such as those central to deep inelastic scattering. (See, for example, [10, 11] .) Also, it has recently been established that there is an interesting relation, [12, 13] , in respect of the dimension two BRST invariant operator which could play the role of a gluon mass. In [12, 13] it was demonstrated that in the Landau gauge its renormalization is not independent, being related to the gluon and ghost anomalous dimensions. This was observed by an explicit three loop computation in the MS scheme, [12] . More recently, the explicit renormalization has been determined at four loops through the provision of the Landau gauge gluon and ghost anomalous dimensions at that order, [14] . Significantly, similar identities for the analogous operator exist in other gauges such as the maximal abelian gauge (MAG), [15, 16] , and in space-time dimensions other than four, [17] . Since these dimension two operators have been the subject of intense analytic investigation in various gauges in recent years, see, for instance [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] and references therein, due to their condensation in a non-trivial vacuum, there is a clear need to renormalize QCD in this gauge. In particular the explicit values of all the anomalous dimensions are required as the first step in the extension of the local composite operator (LCO) method for QCD, [18] , to the MAG in various colour groups. This would thus open up the possibility of extending the effective potential calculations in the Landau gauge, [18, 30] , to situations beyond the few one loop SU (2) MAG studies already considered, [19, 22, 26, 32, 33] . This is the main aim of this article where we will perform the full MS renormalization of QCD in the MAG for an arbitrary colour group to determine the explicit values of the anomalous dimensions with the renormalizability of the gauge having been discussed in [32, 34, 35, 36, 37, 38] . Though given the nature of the MAG construction where the colour group is split into its centre and off-diagonal sectors, we will make several assumptions about the group structure which we have checked are at least valid in SU (2) and SU (3). It is important to note that the only previous explicit renormalization of QCD in the MAG was at one loop and for the specific group SU (2), [25, 32, 37, 38] .
In referring to the MAG it is important to note at the outset that we are in fact considering the more general modified MAG as discussed in [22] for SU (2) . The reason for this is that the true MAG is defined in a similar fashion to the Landau gauge. However, by minimizing the square of the gauge potential over only the off-diagonal sector of the the colour group, as opposed to the full group in the usual covariant gauge situation, it transpires that the renormalization of the subsequent gauge fixed Lagrangian is singular. Therefore, analogously to the generalized Landau gauge or covariant gauge, a covariant gauge parameter, α, is introduced which is not to be confused with the parameter of the covariant gauges. With this non-zero α one has the modified MAG and as we will show, it is the renormalization of α itself which becomes singular as α → 0. However, all the remaining renormalization group functions are finite as α → 0 whence one obtains the true MAG anomalous dimensions. Moreover, as has been observed before, [19] , the structure of the MAG renormalization has connections not only with the Landau gauge but also with the related non-linear covariant gauge known as the Curci-Ferrari gauge introduced in [39] . It will turn out that such connections will also prove useful for justifying our final three loop MS anomalous dimensions.
Another motivation for considering the MAG rests in one of the original reasons why it was introduced. One possibility for the mechanism of confinement is the condensation of abelian monopoles which clearly originate from the centre of the colour group, [40, 41, 42] . In any calculations which seek to focus on this supposition, it makes sense to consider a gauge where the centre and off-diagonal fields are separately identified in the gauge fixing. Therefore, by establishing the renormalization structure at three loops in this gauge, one would expect the results will be useful, say, in any continuum matching one might have to do in lattice computations. On a final note we draw attention to another gauge in which QCD is renormalized and that is the background field gauge where the gauge field is split into a classical and quantum part, [43, 44, 45, 46] . The latter is regarded as the totally internal quantum fluctuation. In addition to the other three loop results referred to earlier, QCD has also been renormalized to the same order in this gauge, [45, 46, 47] . The main advantage of the background field gauge is the fact that the β-function emerges from the renormalization of the gluon field. In other words one needs only to consider a 2-point function rather than a 3-point function which considerably simplifies any explicit computation. Interestingly, the MAG, where the gluon field is split, but with respect to the colour property, has an analogous simplification which is that the centre gluon anomalous dimension is also equivalent to the β-function, [32] . This feature will be exploited here to reduce the number of Feynman diagrams we have to consider to perform the full three loop renormalization.
The paper is organized as follows. In section 2 we review how the MAG Lagrangian itself is constructed prior to summarizing the group theory results which were required for the three loop renormalization. This is a non-trivial exercise since the colour indices have to be identified either as originating in the centre of the Lie group or in the off-diagonal sector. The details of the full three loop renormalization are discussed in section 3 where the structure of the actual renormalization established with the algebraic renormalization formalism, [32] , is reviewed. This section also contains the main results of the computation which is the determination of the explicit values of all renormalization group functions for the MAG. Finally, section 4 contains concluding remarks and the appendix contains the non-trivial Feynman rules used in the calculation.
Maximal abelian gauge.
We begin by recalling the essential features of the maximal abelian gauge fixing which depends on the parameter α. First, we note that the colour group generators are T A where 1 ≤ A ≤ N A and N A is the dimension of the adjoint representation. Thus the group valued gauge field A µ can be decomposed as
In considering the MAG the group generators are split into two sets. Those corresponding to the generators of the centre of the group, which themselves form a group, and the remaining set. For notational purposes we will use the indices i, j, k and l to denote centre elements and a, b, c and d to denote off-diagonal elements. Thus A µ can alternatively be decomposed as
where we introduce the dimension of the centre by noting that 1 ≤ i ≤ N d A and allowing the off-diagonal indices to range over 1 ≤ a ≤ N o A . Clearly
and, for instance, in the unitary groups SU (N c ) we have
. With this notation the QCD Lagrangian in general is, with the gauge fixing part L gf to be specified,
where
is the covariant derivative, there are N f flavours of quarks, N F is the dimension of the fundamental representation and g is the coupling constant. For the MAG the indices A are split into the two sectors giving
where now L gf is interpreted as the MAG gauge fixing term. This is constructed, see, for example, [22, 32] , in the standard way by the BRST variation of a specific operator. In the usual covariant gauge fixing one uses
where δ andδ are the BRST and anti-BRST variations respectively, c A is the ghost field and c A is the anti-ghost field. In the MAG the gauge fixing term is chosen in a similar way. The off-diagonal sector is chosen as in the covariant gauge case but the diagonal sector is restricted to being in the Landau gauge to fully fix the gauge overall. It is not instructive to repeat all the additional technical details of the gauge fixing which have been discussed previously in [22, 32] . Therefore, for the MAG we take, [22, 32] ,
where the last term is included to ensure one can interpolate the results between the MAG and the Landau gauge according to how one chooses the additional parameter ζ. For instance, the Landau gauge corresponds to α = 0 and ζ = 1 and the (modified) MAG is α = 0 but ζ = 0. This particular gauge fixing was introduced in [22] and we have chosen to work with this version for various reasons. First, this Lagrangian has been examined from the algebraic renormalization point of view and the Slavnov-Taylor identities have been established. Second, and more crucially for the current article, in a computation of the magnitude of the three loop MAG renormalization it is important to recognise that calculating with an arbitrary α and ζ allows us to check the correctness of, say, our programming and resultant renormalization constants. In particular the Landau gauge three loop anomalous dimensions ought to correctly emerge from the computation prior to specifying the MAG values of the parameter ζ. This is actually a non-trivial point since we have to perform the group theory manipulations for the split group and not the full group as one would do in an ordinary covariant gauge fixed Lagrangian where the Casimir structure resulting from group identities is already well established.
With the MAG gauge fixing, (2.6), it is elementary to perform the BRST and anti-BRST variations, which are given by
respectively, to obtain the gauge fixed MAG Lagrangian
where we have introduced the term 1 2ᾱ b i b i to fix the residual gauge freedom in the full gauge field, [32] . We have also simplified the notation by defining
for the 4-point vertices. For perturbative computations the auxiliary fields b a and b i are eliminated by their equations of motion
to obtain the MAG Lagrangian in the form we will renormalize it, [32] ,
where it is understood that the parameterᾱ, which is distinct from α, is set to zero after our renormalization. Having constructed the full MAG Lagrangian as a function of the parameters α, ζ andᾱ we note that the full set of non-zero Feynman rules generated from (2.13) are given in appendix A.
Since we will be performing our calculation for an arbitrary colour group but with the group algebra split into centre and off-diagonal sectors, we close this section by discussing the main properties of the Lie algebra which were required. To construct the necessary lemmas we recall that the Lie algebra and basic Casimirs for the full group as well as the Jacobi identity are
From the Lie algebra we have that f ijk = 0 and f ija = 0 which enshrines the centre property in the algebraic manipulations. So the second equation of (2.14) gives the relations
To proceed we make the assumption that f acd f bcd is proportional to δ ab which is certainly true for SU (2) and we have checked it is also valid in SU (3). In the group theory discussion which follows, it is important to bear in mind that for groups where this simplifying feature is not present then one would have to proceed with f acd f bcd being proportional to a symmetric rank two tensor. Taking contractions of (2.15) leads to
where N d A is the dimension of the centre and N o A is the dimension of the complement of the centre. Hence,
With these elementary results we can use the Jacobi identity to establish several useful relations which were used extensively throughout the computation
For the group generators, we have
and we make the assumption that T i T i is proportional to the unit matrix which is certainly true for the groups SU (N ). Then, from (2.14) we have
after contracting Tr T i T j . Hence,
It therefore follows from the Lie algebra itself that
As a consistency check on these results adding the first pair together recovers the usual result
for a free off-diagonal index. Summing the final pair is also consistent with this result after use of the relation
which follows from taking the trace of T A T A . Next, given the Lie algebra it is straightforward to construct the useful lemmas
Whilst these results proved to be the workhorse for the full three loop computation as well, it turned out that at three loops it was quicker to include additional lemmas to speed up the group theory computation of our Form programmes. These were derived from several applications of the Jacobi identities and are
where we note that the indices m, p, q, r, s and t are also regarded as off-diagonal. Given the structure of the three loop Green's functions these relations were sufficient for handling the group theory associated with the gluon 2-point functions. In that case for any Feynman diagram one has at most six structure functions contracted together with two free external group indices. However, in the renormalization of the A a µc i c b vertex at most seven structure functions are contracted together with three free group indices. For this case the Green's function was multiplied by an additional structure function to leave a scalar group string to be simplified. The route to achieving this, aside from applying the rules discussed so far, was to follow the approach used for the structure constants of the full group in that in that case they correspond to the group generators in the adjoint representation. In other words one replaces the structure constants by T
and then applies the usual Lie algebra properties to T A adj with the proviso that one evaluates identities in the adjoint representation. For instance, the result
For the MAG calculation one can also use this strategy provided one appreciates that the structure constants with two or more centre indices are identically zero which means that the nontrivial structure constants have at least two off-diagonal indices. These are therefore regarded as the matrix indices which leaves the third index as the free generator index and this can either be centre or off-diagonal. More significantly one must be careful in regarding these objects as nothing more than matrices and not as representations of the group generators since the matrix indices are only elements of the off-diagonal sector which is not closed in the group sense. In light of this to differentiate from the adjoint representation of the full group we therefore choose to define the analogous object S A by
where the two matrix indices will always be off-diagonal. Subsequently, given all the previous lemmas it only remains to resolve objects of the form
where the trace is the usual matrix trace and we use tr in contradistinction to the Tr of the full group. Such structures are known to occur in higher loop calculations in QCD when S A is formally replaced by T A , [6] , but not until four loops where they arise only in terms involving the simple pole in ǫ where d = 4 − 2ǫ. Therefore, to ensure renormalizability they either have to vanish or cancel since at three loops they can potentially occur in the double and triple poles in ǫ as well as the simple one. As these two structures emerge with the summed indices in various combinations of centre and off-diagonal indices, it is appropriate to relate them to a common term via the relations
which are readily established by use of the Lie algebra and the Jacobi identity. In the actual renormalization of the A a µc i c b vertex this leaves the two as yet unevaluated structures as
It turns out that when the pole parts of all the Feynman diagrams for this renormalization are added up then the coefficients of these structures is finite.
3 Renormalization.
Having derived the MAG Lagrangian we now turn to the details of its renormalization. First, in renormalizing a renormalizable quantum field theory one ordinarily introduces renormalization constants for all the fields and parameters in the Lagrangian. For field theories possessing symmetries such as a gauge symmetry these renormalization constants are not necessarily all independent. The underlying symmetry can constain several or more to be related. To determine such relations, one can apply techniques such as algebraic renormalization, [48] , which ensures the Lagrangian is stable under quantum corrections. In [32] this approach has been applied to (2.13) and several interesting relations emerge. For instance, it turns out that the anomalous dimension of the centre gluons is proportional to the QCD β-function. This is a useful result since for this gauge fixed version of QCD it means that one does not have to renormalize a 3-point vertex to determine the known three loop β-function of [4] . Instead one needs only to consider the centre gluon 2-point function. From a practical computational point of view this is a significant observation which we exploit later. Moreover, a similar property is also present in the background field gauge where the anomalous dimension of the background gluon is simply related to the coupling constant renormalization, [45, 46] . Although we are a priori aware of the relation of the centre gluon renormalization to that of the coupling constant renormalization in the MAG, in defining our renormalization constants we choose at the outset to leave this result to emerge in the computation rather than put restrictions on the initial setup. Therefore, we define the renormalization constants as
where µ is the renormalization scale introduced to ensure the coupling constant is dimensionless in d dimensions, the subscript o denotes the bare quantity and the subscript i in the field subscripts of the renormalization constants is included to indicate that they correspond to centre objects and there is clearly no summation over repeated indices in this instance. In writing down (3.1) from [32] we have chosen, by contrast to A i µ , to encode the structure of the centre ghost renormalization. In particular the anti-centre ghost and centre ghost renormalizations are, contrary to the usual covariant gauge ghost renormalization, inverses of each other and not equal. This property emerges from the algebraic renormalization analysis, [32] . From a practical point of view this means that the centre ghost 2-point function cannot be used to determine Z c i since it would be finite, [32] . Instead to find Z c i one has to renormalize the 3-point A a µc i c b vertex once the coupling constant and off-diagonal gluon and off-diagonal ghost wave function renormalizations have been determined at that particular loop order. Therefore, in the MAG one has still at least one 3-point function renormalization to perform.
However, the benefit in determining Z c i rests in the fact that the dimension two BRST invariant operator
possesses an interesting renormalization structure, [15, 32] . It transpires that its anomalous dimension is not independent but satisfies
and for completeness its associated renormalization constant is defined as
Therefore, it will be straightforward to deduce γ O (a) from explicit knowledge of γ c i (a). This is one of the key results required for a two loop extension of the LCO method to the condensation of O in the MAG and will be one of the main results of the article. That such a relation is present in the MAG is not specific to this gauge. A similar relation exists in the Landau gauge, [12, 13] , for the analogous operator where the indices range over the full colour group. We have also introduced a renormalization constant in (3.1) for the interpolating parameter ζ. However, since we are only interested in the renormalization of the MAG itself which corresponds to the fixed point value of ζ = 0 it turns out that for the MAG renormalization the explicit form of Z ζ is not required since it will always be multiplied by zero and there are no singularities in ζ in the Feynman rules.
We now turn to the technical details of the renormalization of (2.13) at three loops in the MS scheme. First, the renormalization group functions we will determine are deduced from the 
where, similar to the Curci-Ferrari gauge, we have not assumed that Z α = 1. Though we have setᾱ = 0 and ζ = 0. Since these are the renormalization group functions we require, we will therefore renormalize the centre and off-diagonal gluon 2-point function, the off-diagonal ghost 2-point function, the quark 2-point function and the A a µc i c b 3-point function all at three loops. For these Green's functions the Feynman diagrams were generated with the Qgraf package, [49] , and the specific number of diagrams at each loop order and Green's function are summarized in Table 1 . By contrast, to indicate the magnitude of the MAG renormalization using the Feynman rules of the appendix, we have provided a similar diagram count for the Curci-Ferrari gauge three loop renormalization of [12] in Table 2 . To proceed we convert the Qgraf output format to the electronic notation used by the Mincer algorithm, [9] , as written in the symbolic manipulation package Form, [8, 50] , in terms of diagram topology and internal momentum routing. The Mincer algorithm is then applied to all 37322 Feynman diagrams required for the full renormalization. Though it ought to be noted that given that the main group theory is carried out prior to determining the divergence structure of a diagram the value of a graph could be zero purely from group considerations. For instance, when one has a one loop gluonic self-energy subgraph anywhere where one external leg of the subgraph is in the centre of the group and the other in the off-diagonal sector, then that graph is trivially zero since f icd f bcd = 0. To appreciate the benefit of the centre gluon anomalous dimension relation to the β-function, if such a relation did not exist then one would have to compute a 3-point function in addition to the ones listed in Table 1 . The easiest one from a computer algebra point of view is the quark gluon vertex. For an off-diagonal gluon the figures for the corresponding first three columns of Table 1 To deduce the renormalization constants themselves for each Green's functions, we apply the procedure discussed in [5] . Here one computes the Green's functions in terms of the bare parameters, g o , α o ,ᾱ o and ζ o . The renormalized values are introduced by the definitions (3.1) and iteratively by loop order the renormalization constants are fixed by demanding that the overall infinity remaining is absorbed by the renormalization constant associated with that particular Green's function. As the Mincer algorithm is based on dimensional regularization in d = 4 − 2ǫ dimensions, we have absorbed all the poles in ǫ using the modified minimal subtraction scheme.
From a practical computing point of view we organised the one and two loop renormalization in a different way from the three loop computation. For the former we retained an arbitrary α, α and ζ in the extraction of the renormalization constants. However, for the three loop case, due to the increase in the number of actual algebraic terms in a Feynman diagram to be evaluated, due to the presence of the parameters in the propagators and vertices, we chose to fix ζ to be 0 or 1 andᾱ = 0 when the Feynman rules were substituted. This speeded up the computation significantly and avoided very large intermediate Form files which are generated. Running our code in the Landau gauge first allowed us to check the programme was performing correctly before generating the explicit value of the Feynman graph in the MAG. Moreover, at three loops one does not need to be concerned about the renormalization of the bare ζ in this approach since any corrections to this would only appear at three loops.
Having summarized the details of the computation we now record the explicit results. Rather than present the renormalization constants themselves, we have encoded them in the renormalization group functions defined by (3.6). Hence, withᾱ = ζ = 0, we find,
where ζ n is the Riemann zeta function and
For completeness we record the sum of the previous two anomalous dimensions partly to indicate the singular nature of this renormalization group function, but also because it corresponds to the renormalization of the gauge parameter itself from the convention we have used to define it.
We have
Next,
and we have checked explicitly that whenᾱ = 0
For the ghosts and quarks we have
and
Finally, for completeness we record that the β-function emerges as
To have confidence in the correctness of these results it is important to indicate the checks we have carried out. First, from a renormalization point of view, using the method of [5] the double and triple poles in ǫ at three loops and the double pole at two loops in the renormalization constants are not independent of the previous order one loop poles. Therefore, we have checked that these emerge correctly for both the Landau gauge and the MAG. This is a non-trivial observation given the particular structure of the renormalization group functions which depend not only on α but also on the colour group Casimirs and for the MAG, the dimensions of the centre and off-diagonal sector of the Lie group. Second, the β-function correctly emerges from the renormalization of the centre gluon. Again this is non-trivial since in the renormalization of the 2-point function its divergence has to emerge to be independent of not only α but also of N d A and N o A as well as being equivalent to the actual β-function itself. By the same token we can of course trivially record that the four loop anomalous dimension for A i µ is, [6] , The next checks concern the anomalous dimensions themselves in certain limits. We have already indicated that the programmes we have used correctly reproduce all the Landau gauge results prior to switching to the MAG. However, the anomalous dimensions are also related to those of the Curci-Ferrari gauge. For instance, for the off-diagonal gluon, off-diagonal ghost and quark, taking the formal limit N d A /N o A → 0, then the following anomalous dimensions arise for arbitrary α,
where to take the limit for the quark anomalous dimension * we have used the result that
Comparing these limits with [12, 51, 52] , we observe that they are equivalent to the three loop MS anomalous dimensions in the Curci-Ferrari gauge for arbitrary α. That this result appears is not unexpected since Kondo indicated in [19] that the off-diagonal sector is in fact the Curci-Ferrari gauge. Indeed this observation, and its relation to the generation of a nonzero vacuum expectation value for the operator O, was one of the reasons for the recent renewed interest in both the Curci-Ferrari gauge and MAG. That the Curci-Ferrari anomalous dimensions correctly emerge is an important check on the full MAG computation. A final more trivial check rests in taking the formal abelian limit in the Landau gauge, C A → 0, C F → 1, T F → 1 and α → 0. One observes that both ghost anomalous dimensions vanish, the centre and off-diagonal gluon anomalous dimensions reduce to the quantum electrodynamics β-function and the quark anomalous dimension tends to the electron anomalous dimension.
Having justified the results for the full renormalization of the QCD Lagrangian in the MAG, we can now deduce the anomalous dimension of O. At two loops we actually computed the anomalous dimension directly by the same method as [12] . The operator was inserted in an off-diagonal ghost 2-point function and the corresponding renormalization constant Z O was extracted. Computing the associated anomalous dimension directly from the renormalization constant, the resulting two loop value correctly satisfied (3.3). At three loops we took the point of view that the three loop γ c i (a) was correctly determined and therefore used (3.3) to deduce
a 2 * Whilst the renormalization constant for Z ψ was explicity given in [12] for the Curci-Ferrari gauge, the actual anomalous dimension was inadvertently omitted. 4 Discussion.
We have provided a comprehensive discussion on the three loop MS renormalization of QCD in the maximal abelian gauge. Indeed this article represents the first calculations beyond one loop as well as the first for Lie groups other than just SU (2). By explicit computation we have determined all the anomalous dimensions and β-function before deducing the anomalous dimension of O at three loops in MS. Indeed it is the explicit expression for the latter which will be the key to studies of the condensation of O in the MAG which we hope to examine next. One useful observation from the main results is the relation of the MAG anomalous dimensions to those of other gauges and in particular the Curci-Ferrari gauge. That the results for the latter appear in the formal limit N d A /N o A → 0 is reassuring, though their prior existence was also of a more practical use in helping to establish the veracity of the final MAG renormalization group functions. Though from the actual structure of the final expressions it is clear that they could not be constructed from knowledge of the same anomalous dimensions in the Landau or Curci-Ferrari gauges. 
